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0. INTRODUCTION 
Let R be a ring with identity and G a finite group and RG the group ring. 
The invariant ideal of R is ys(G) = R n r,(G), where p,(G) is the right 
ideal of RG generated by elements of the form u(H) = CAEH h, 1 # H a 
subgroup of G. If R is the ring of rational integers, set yZ(G) = v(G)2 and 
we call v(G) the numerical invariant of the finite group G. This latter (non- 
negative) invariant was originally introduced in [3] to study the behavior of 
the Witt group of quadratic forms under finite Galois field extensions with 
Galois group G. In particular, therefore, it was useful in obtaining infor- 
mations on various arithmetical invariants of fields arising from quadratic 
form theory. For an elementary abelian group of order 9” with n > 1, v(G) 
was calculated in [3] to have the value p, and it was also remarked in that 
paper that the general determination for the numerical invariant would 
involve complicated group-theoretical questions. This is indeed the case, 
In this paper we extend the study of v(G) to the invariant ideal ys(G), where 
R is any ring with identity. We present several general results on this invariant, 
among which the useful “reduction theorems” in Section l.D are most 
fundamental. We also exhibit explicit numerical results of the invariant for 
several large classes of groups (e.g., general and special linear groups, simple 
groups, and most solvable groups). The short Section 2 deals with some 
applications of the numerical invariant. 
In Section l.A we present some preliminary results on the invariant ideal. 
The main result (Theorem l.A.4) is that the invariant ideal is trivial if the 
group has precisely one subgroup of prime order for each prime dividing 
its order. Section l.B shows that for ap-group the invariant ideal is always the 
principal ideal pR unless the group is either cyclic or generalized quaternion. 
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Section 1 .C introduces the notion of a tight group which is, in essence (certainly 
in the solvable case), the basic building block that determines the invariant 
ideal. As groups tend to possess tight subgroups, its determination is vital 
and this is presented in Theorem l.C.2. From this, as well as the use of 
several “sledge-hammer” results from group theory, it is shown that ys(G) = 
for al! finite nonabelian simple groups G (Corollary l.C.3). The three 
reduction theorems in Section 1 .D are fundamental as they are used through- 
out. Of the three, the third (Theorem l.D.4) is the most significant. Togehter 
they enable us to “descend” from the full group to certain of its subgroups. 
Sections 1 .E and 1 .F devote to extracting some consequences of the reduction 
theorems (see, for instance, Theorem l.E.1, Corollary I.E.2, Theorem I.F.2, 
and Corollaries l.F.4 and l.F.5). Al so, Corollary l.F.3 generalizes (and 
completes) Lemma 4 of [7] to all solvable groups. This Section 1 .F also serves 
illustrate the sharp distinction and complication of the invariant idea 
etween the solvable and the nonsolvable cases. Namely, in the solvable 
case, the numerical invariant of G is completely determined 
mvariants of the tight subgroups of G. In particular, v(G) 
G has no tight subgroups. Using a theorem of Suzuki (see A 
determine ail finite nonsolvable groups all of whose Sylow subgroups have 
vanishing numerical invariant. Also, for an odd prime p, SL(2, p”) has no 
tight subgroups if and only if n = I and p is a Fermat prime. On the other 
hand, for p a Fermat prime greater than 5, v(SL(2,p)) is divisible by p (see 
Proposition 1.6.4 and Appendix), and is not zero! Section I.G computes the 
explicit values of the numerical invariant for general and special linear groups. 
Some applications of the numerical invariant are cited in three short 
sections. We show how a privately communicated theorem of Pfister on the 
height of a field together with the knowledge of the rmmerical invariant can 
sharply improve known estimates of the height behavior under Galois field 
extensions. Also, some estimates are given or mentioned about the generalize 
Kaplansky’s u-invariant as well as for the number of square classes and for 
the size of the Witt ring under finite field extensions. The same technique 
is then used to derive estimates in class number behaviour under finite field 
extensions. Finally, a result of Scharlau’s linking the fixed-point-free 
representations of a finite group with the vanishing of the numerical invariant 
of the group is cited, and in the solvable case such groups are characterized 
(see Appendix). 
A. Definition of the Invariant and Preliminary Results 
Throughout this Section 1, unless otherwise mentioned, R is an associative 
ring with identity and G is a finite group. Let RG be the group ring for G over 
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R, and r,(G) be the right ideal of RG generated by the set {o(H) = crs(H) = 
ChsH h / 1 # H a subgroup of G}. Let ys(G) = R n I’,(G). Of course, 
r,( 1) = 0, so that yR( 1) = 0. If H is a nontrivial subgroup of G, and g E G, 
Y E R, we have ga(H) = a(gHg-l)g and rcr(H) = o(H)r. Hence, r,(G) is also 
the left (and so two-sided) ideal generated by the o(H)‘s. Suppose Hand K are 
subgroups of G, and H < K, and (x1 ,..., x,} is a full representative set for 
the right cosets of H in K, then 
4-Q = c k = c ( c 8) = (c h) (c xi) = 4H)x. 
TcEK i gEHm( hcH z 
Taking left cosets of H in K and repeating the calculation, we see o(K) = 
yc~(H) for some y ERG. Thus, we have the following: 
l.A.1. I’,(G) is the Tight ideal (and also the left ideal) of RG generated by 
the set {a(H) 1 H is a subgroup of prime order in G}. 
l.A.2. If G = HK with H r\ K = 1, then a(G) = o(H) o(K). 
Clearly, if H is a subgroup of G, then yR(H) C rR(G). The following rules 
are also useful and we record them here. 
l.A.3. For each subgroup H of G, we have: (i) ho(H) = a(H)h = a(H), 
h E H; (ii) (1 - h) a(H) = u(H)(l - h) = 0; (iii) Ok = j H 1 a(H); (iv) 
RGu(G) = o(G) RG = Ra(G). 
The next result, though simple in proof, is very useful. 
THEOREM l.A.4. If G has exactly one subgroup of prime order for each 
prime dividing the order 1 G / of G (e.g., when G is cyclic OY generalized quater- 
nion), then yR(G) = 0. 
Proof. Let HI = (hl),..., H, = (h,) be the n distinct prime order 
subgroups of G. Then, all the Hi’s are normal in G, and (hI ,..., h,) = 
HI x ..’ x H, . Let 01 = (1 - h,) ... (1 - h,). Since (1 - hi) a(Hi) = 0 and 
(1 - hJ( 1 - hj) = (1 - hj)( 1 - hi) for all i, j, we have ola(HJ = 0 for all i. 
By I.A.l, r,(G) = & o(HJ RG. Thus, 01 annihilates r,(G) and so also 
yR(G). But the coefficient coe&(l) of 01 at 1 equals 1. We are done. 
EXAMPLE. G = Q x C, where Q is generalized quaternion and C cyclic 
with odd order. G = (a, b 1 a4 = b3 = 1, a-lba = b-l). In the second 
example one notes that G modulo the center is isomorphic to Sa , which will 
be shown in Section l.C to have yR(S3) = 3R. 
B. Groups of Prime Power Order. 
l.B.1. If G is a p-group, p a prime, then yJG) LpR. 
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Proof. Define the ring epimorphism $: RG -3. /pR by the rule 
os6~yg ++ (z:sc6~s) + pR. If H is a nontrivial subgroup, +(o(N)) = 
+ pR, so that yR(G) = R n I’,(G) Z R n Ker($) = pR. 
l.B.2. If G is a p-group for some prime p, then yR(G) = 0 if G is either 
cyclic OY generalized quaternion, and =pR if otherwise. 
Proof. If G is cyclic or generalized quaternion, we have Theorem l.A.4. 
Otherwise, G has an elementary abelian subgroup of order p”. A calculation 
as in Section 4 of [6] shows p E yR(G). l.B.l now finishes the argumefit. 
3. If G is a p-group and R has characteristic p, G!en 
yR(G) = 0. If P and Q are Sylow subgrou$x of G such that ( P j f j Q 1, 
Y&‘) # 0 ami yz(Q) # 0, then yR(G) = R. 
C. Tight Groups. 
Let p and 4 be primes. There is at most one nonabelian group of order pn- 
Such a group exists if and only if either p I q - 1 or q j p - I. 
DEFXNITION I.C.1. Let PI be a group. We say is tighi if and only if N 
is a noncyclic group of order pq, where p and q are (not necessarily distinct) 
primes. 
Groups tend to have tight subgroups so that the calculation of the invariant 
for tight groups is important. 
THEOREM l.C.2. If G is a nonabelian tight group of order pq with p < q) 
p9oof. Write G = (a, b / aD = bg = I, a-lba = br), where P E 
nd r + 1 (mod q). Let P = (a) and Q = (b). Then G = PQ, 
“Q = 1. Wehave(abi)i = ab j i(l-ri)l(l-r) for a!1 Z, j. In particuiar, 
a@ has order p. We have the following: 
4-l n-1 P-l U-l P-1 
o((ab")) = c 1 ("bi)j = c c a@i(l-rj):(l-r) 
i=Q i&l j=Q i=Q j=Q 
= $1 .j (5 (b”-&/(1-r))“) = 4 + 
i=Q 
= q + c a%((b)) = q + (g(P) - I) U(Q) 
j=l 
‘4 + a(G) - u(Q). 
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Therefore, 4 E yR(G). To show yR(G) c qR, let Pl ,..., P, be the subgroups 
of G with order p. Then, 1 .A. 1 tells us 
F,(G) = RGu(Q) + f RGa(PJ. 
i==l 
Suppose r E yR(G). Write Y = a&Q) + J& a&Pi) with a, ,..., a, in RG. 
Then, 
yu(Q) = a,u(QY + 2 w(PJ u(Q) = wu(Q> + f w(G). 
id i=l 
Hence, ru(Q) belongs to qRG + RGu(G) = qRG + Ra(G). But if rc(Q) = 
pa + xu(G) with a E RG and x E R, then a comparison of the coefficients 
shows that Y E qR. The proof is completed. 
COROLLARY 1. C.3. If G is a nonabelian jkite simple group, then yR( G) = R. 
Proof. The proof given here employs several “sledge-hammer” theorems 
from group theory. By Feit-Thompson, G must have even order. If a Sylow 
2-subgroup is cyclic, then a standard application of Burnside’s normal 
p-complement theorem (see [l, p. 2521) leads to a contradiction. A theorem 
of Brauer-Suzuki (see [I, p, 3731) h s ows that a Sylow 2-subgroup cannot be 
generalized quaternion. Therefore, G contains a tight subgroup T of order 4. 
Next, a theorem of Suzuki (see [9]) says G has two elements a, b each of order 
two (involutions) and such that the subgroup (a, b) they generate is not a 
2-group. This means then G must have also a dihedral subgroup D of order 2p 
for some odd prime p. But, yR( T) = 211 and yR(D) = pR by l.B.2 and 
Theorem l.C.2, respectibely. Hence yR(G) = R. 
At this point, let us define the numerical invariant v(G) of a finite group G 
to be that nonnegative rational integer given by v(G)Z = yz(G). Thus, if G 
has at least one tight subgroup, then v(G) = 1 or p for some prime p dividing 
I GI. 
l.C.4. v(G) R C yR(G). 
Proof. There is a unique ring homomorphism +: ZG + RG with 
4(g) = g, g E G. We have $(uz(H)) = uR(H) for every subgroup H of G. So, 
v(G)R 2 R n I’,(G) = yR(G). 
EXAMPLES l.C.5. (Symmetric and Alternating Groups.) Clearly, v(S,) = 
v(S,) = v(A,) = 0. Since S, is a nonabelian tight group, v(S,) = 3. A,, 
being cyclic, has v(As) = 0. Since S, contains S, as well as an elementary 
abelian group of order 4, v(S,) = 1. It can be shown that v(A*) = 2 (see 
Section 1 .E). From the simplicity of A, for n 3 5, we have v(A,) = v(S,) = 1. 
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. Reauctio~ Theorems. 
From the last section we know that if 6 has tight subgroups pi and K 
such that their invariant ideals yR(H), yR(K) are different, then yR(G) must 
be R. The question then arises as to what happens if G has either no tight 
subgroups at all, or when it does have them they all give rise to the same 
irrvariant ideal. Therefore, it is essential that we need some “descent” 
theorems in order to help characterize the invariant ideal in terms of the 
subgroups of 6. The three reduction theorems presented here are extremely 
useful. Their applications will be investigated in Section I.E. 
Let HI = (hr),..., H, = (h,) be the full list of prime-order subgroups of 
G, and / Hi 1 = pi . Then, I’,(G) = Ci RGo(H,). Suppose y E pX(G), write 
y = xi ap(H,), ai E RG. Th en, there exists a subset {OF) / g E 6, I < i < n> 
of R such that ai = Cssc 0F’g. We have then 
Pi-1 
y = T ,cFG @gcr(Hi) = c c c B;‘ghij = 
i gtG j=O 
Comparing coefficients, we see coe$(g) = Cy=, CyLi” 6$ for all g E G, 
This proves the following: 
PROPOSITION 1.D.l. Suppose Hl )...) H, is the full list of p~~~ne-o~~e~ 
subgroups of G with Hi = (hi) and / Hi / = p, I Let y E 
y E I’,(G) -a there is a jirzite subset (0:’ / g E 6, 1 < i < B> of 
coeff,&g) = CL, CT:;’ B$iil,j for all g E G. Iz particular, if y 
y E yR(G) o the above j&e subset of R satisjes 
From this technical and computational result we immediately get our first 
reduction theorem; namely: 
THEOREM I.D.2. Suppose H is a subgroup of G and M coPztains every 
prime-order subgroup of G. Then yR(G) = yR(H). 
Remark. If we just wanted Theorem l.D.2, we could obtain it by a direct 
coset calculation. However, Proposition 1 .D. 1 will be used very often in later 
sections. 
THEOREM 1.D.3. Let G = P x N where P is a cyclic p-group for SO~Q 
prime p, and p +’ j N 1. Then yR(G) = y,(N). 
Proof* If PO is the prime-order subgroup of P, then Go = PO x N 
contains every prime-order subgroup of G so that by Theorem 1.33.2, 
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YAG) = n(Go)- E-I ence, we may assume / P [ = p already. Let P = (a), 
01 = u(P), and HI ,..., H, be the full list of prime-order subgroups of N where 
Hi = (hi) has order pi . Set ,/Ii = o(Hi). We have then 
r,(G) = RGa + c RG/3,. 
z 
Suppose Y E yR(G). Then, I.D.1 says there exist subsets (B(t, y) / t E P, y E N) 
and {&)(t, y) 1 t E P, y E N, 1 < i < n} of R such that 
We have 
O-l 
Y = C 1 C e(t, y) tyd + f C C ‘2’ di’(t, y) hj 
tEP YEN j=O 
D-l 
i=l tcP YEN j=O 
i=l teP YEN j=O 
Computing the coefficients, we get: 
B-l 12 23-l 
coeff,(ty) = C 8(td,y) + C C ~x(i)(t,yGj 
J-=0 is1 j+l 
n Ina-1 
= gp 0(x, y) + C C n%, y@). 
ix1 j-0 
Note that the first term on the right side does not depend on t. Since 
coeff,(uy) = 0 for all y E N, we get 
zp B(x, y) = - gl ‘g: nti)(a, yhai) for all y E N. 
Therefore, 
R pi-1 
coefL@) = C C i=l j=. mci)(t, yh;‘) - T+‘(o, yhii). 
Letting d(i) = m(i)(l, y> - +)(a, y), we have (0:’ / y E N, 1 < i < a> C R 
Y 
and 
Hence, Y E yR(N) by Proposition l.D.1, and we have: yR(G) G yR(N) _C yR(G). 
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While we are engrossed with these technical intricacies, we present our 
third and last reduction theorem whose proof is equally computational and 
yet sufficiently different to warrant the details to be included. It also is the 
strongest of the three reduction steps. 
THEOREM l.D.4. Suppose G = HQ, where Q is a Sybzu ~-~~~g~o~~ oj 6: 
JOY some prime q, Q CI G, and q { / H j. Then, we have: 
yR(G) CR n (I’,(H) f q . RH). 
PrrooJ, Let HI )...) EC, be the prime-order subgroups of H with Hi = (A,), 
/ Hi / = pi, and CX~ = cr(HJ. Let QI ,..., Q2m be the order-q subgroups of Q 
with Qf = <a& and pi = u(Qi). Then the set of prime-order subgroups of 
G is (Q1 )‘..) Qm> v (rlHix i x EQ, 1 < i < +. And, 
r,(G) = 1 RGi% + c six. 
2 XEQ 
Suppose Y E yR(G), then there exist subsets (O,(t, y) 1 1 < i < 712, t E H, y E 
and (rry’(t, y) j 1 < i < 12, t E H, and X, y E Q!> of W such that 
We have 
Computing the coefficients, we get 
m 9-l n m-1 
coeWoyol = 1 C ho0 , roC) + C C r~)(tohjk, ~~Y~-‘~~~‘~ 
j=lw=O i=l k=O tI=Q 
for all & E 4-6, y. E Q. 
This gives 
for all to E H. 
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There is a collapsing of terms in the second variable of the coefficients. 
(Namely, as ys runs through Q, the term Sj(t,, , ys~;~) runs through all terms 
of the form O,(t, , y,J and likewise, the term .rr~)(t,@, hi~y,,x-Vz;“) runs 
through all terms of the form rr~)(t,@, y,,).) Therefore, theequationsimplifies 
to 
m Q-l * pi-1 
coefWo) = 1 1 C 4tto y yo) + 1 C C 1 ~3tohik, yo). 
YOEQ j=l w=o yoEQ i=l k=O xEQ 
We notice that the index w does not appear in the summand for the first 
term. Hence, for all to E H, 
coeff,(to) = q * C 2 Oj(to , yo) + C 2 ‘2’ 1 77~)(t,h;“, y,). 
Y~EQ j=l Y,,EQ i=l k=O ZEQ 
Letting &,, = CL1 CYOeQ ej(to , yo) and r(:) = COEQ &,,EQ T?)(tO , YO). We 
have then Y = CF=, (CtOEH rr$,) 01~ + q . (CtOEH O,Oto), so that indeed Y 
belongs to r,(H) + q . RH, finishing the proof. 
Remark. If G has a tight subgroup T with v(T) = q in the above theorem, 
then yR(G) = R n (I’,(H) + q . RH). Theorem l.D.4, together with the 
Schur-Zassenhaus Theorem (see [l, p. 221]), says that if G has a normal 
Sylow q-subgroup Q for some prime q, then y,(G) is contained in 
R n (r,(H) + q . RH) where H is the subgroup c G/Q. Loosely speaking 
then, if S is a normal Sylow subgroup of G, then yR(G) is more-or-less 
determined by the tight subgroups of G and yR(G/S). This provides us with 
an induction step. 
E. Some Consequences of the Reduction Theorems 
In this section we use the reduction theorems to extract some concrete 
answers on the numerical invariant for some classes of solvable groups. A 
group G is said to satisfy condition (*) if it has exactly one subgroup of prime- 
order for each prime dividing / G I. 
THEOREM 1.E.l. Let G be a nilpotent group. Then, we have the following: 
(1) ys(G) = v(G)R. (2) v(G) = g.c.d.((v(S) / S is a Sylow subgroup of G}). 
(3) v(G) = g.c.d.({v(T) / T is a tight subgroup of G)). (4) v(G) = 0, 1, orp fey 
some prime dividing 1 G I. (5) v(G) = 0 + G satisfies condition (*). (6) v(G) = 
p o G = P x N, where P is a Sylow p-subgroup of G, v(P) = p, and N has 
exactly one subgroup of prime order for each prime dividing 1 G I. (7) v(G) = 
1 o G has an abelian subgroup of type (p, p, q, q), where p and q are distinct 
primes. 
We shall only mention here that in the case when there is only one Sylow 
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subgroup with nonvanishing numerical invariant, successive applications of 
Theorem l.D.3 give the desired answer. The other cases are easy to handle. 
COROLLARY 1 .E.2. If G is abelian, then v(G) = 0 if and only ;f G is cyclic. 
PROPOSITION l.E.3. Suppose Q is a Sylow q-subgroup of G, Q c G, and 
G/Q satisjes condition (*). Then we have the following: (1) yR(G) = v(G) 
(2) v(G) = 8 or q. (3) v(G) = g.c.d.({v(T) / T is a tight s~bg~o~~ oj 6)). 
PYOOJ. By Schur-Zassenhaus, we may write G HQ, where q f j H j and 
H satisfies condition (*). Let A be the subgroup of generated by the prime- 
order subgroups of H, then A is cyclic and the su roup AQ contains every 
group of G, so that by Theorem 1.D.2 yR(G) = yR(AQ). 
, yR(AQ) is contained in R n (I’,(A) + q D RA). Supp 
+ q . RA). Write Y = a + qb, a E yR(A) and b ERA. From 
the proof of Theorem 1.4.A, there exists c E RA such that co 1 and 
rx(A)c = 0. So, YC = qbc and Y = coeff,,(l) = coeff&l) E bus, we 
have: yR(G) C q . R. Also, in the remainder of this proof we may assume 
G/Q is cyclic. We treat in cases. 
Case 1. v(Q) # 0. Then, q = v(Q) E yR(G) C q j so that yR(G) = 
v(G)W and v(G) = q. (3) is clearly true. 
Case 2. Q is cyclic. Consider the centralizer C,(Q), which is clearly 
cyclic. Either C,(Q) contains every prime-order subgroup of G or there is a 
subgroup P of G of prime order p such that PQ contains a nonabelian group 
of order pq. In the former case, y,(G) = yR(CG(Q)) = 0 and G has no tight 
subgroups. In the latter case, we have q = v(PQ) and yR(G) = qR, v(G) = q. 
Case 3. Q is generalized quaternion. Suppose G/Co(Q) is a Z-group. 
Then C,(Q) contains every prime-order subgroup of 6, and i 
In this case, G has no tight subgroups and yR 
assume G/C,(Q) is not a a-group. Since G/C,{ 
morphic to a subgroup of the automorphism group of Q, and since 
generalized quaternion, the index [G: C,(Q)] divides 24, 1 Q ! = 8, 
3 j [G: C,(Q)]. In particular, 3 must divide / G I+ Since a Syiow 3-subgroup 
of G is cyclic, and since C,(Q) does not contain every prime-order subgroup 
of 6, it follows that 9 { / G I. Therefore, we must have: ! G 1 = 24m with 
m>l,and4iim. 
be a subgroup of G with 1 H 1 = m ( all Tlleorem). Thus, H (being 
isomorphic to a subgroup of G/Q) is cyclic. Also, 3 1 1 CG(H)/ as H lies in a 
cyclic subgroup of order 3m. Consider HQ. If L is a subgroup of Q, then 
~~~(~)/C~~(~) is a 2-group. By Frobenius normal p-complement theorem 
(see [l: p. 253]), N 4 HQ, so that HQ = H x Q. Hence, r C,(M)! = 24m 
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and so H is contained in the center of G. This yields G = S x H where 
j S j = 24, Q is a Sylow 2-subgroup of S, and 3 j [S: C,(Q)]. Therefore, 
S g SL(2,3), and G E SL(2,3) x H, where H is cyclic, and 6 Y 1 H j. 
Applying Theorem I.D.3 successively, we deduce that v(G) = v(SL(2, 3)) and 
yR(G) = yR(SL(2, 3)). Also, G has no tight subgroups. But, y,(SL(2, 3)) = O!! 
(See Appendix.) We are finished. 
COROLLARY 1 .E.4. Suppose 1 G 1 = pq”, where n 3 1 and p, q are primes 
with p < q. Then yR(G) is 0 if G is cyclic, and is qR if otherwise. 
COROLLARY l.E.5. Let G be the dihedral group of order 2n where n 3 3. 
Then yR(G) is pR ;f n is a p-power fey some prime p, and is R ;f otherwise. 
COROLLARY l.E.6. Let G be a p, q-group (i.e., j G j = psqt), where p and q 
are primes with p < q. Assume G has a normal Sylow q-subgroup. Then we 
have: (1) yR(G) = v(G)R. (2) v(G) = 0, 1, p, or q. (3) v(G) = 0 * G has at 
most one subgroup of order p and at most one subgroup of order q. (4) v(G) = 
p o G has an elementary abelian subgroup of order p2, G has no nonabelian 
tight subgroup, and the Sylow q-subgroup is cyclic. (5) v(G) = q o a Sylow 
p-subgroup is cyclic or generalized quaternion, and G has a tight subgroup with 
v = q. (6) v(G) = 1 * G has tight subgroups with dzzerent v-values. (7) 
v(G) = g.c.d.({v(T) j T a tight subgroup of G).) 
F. Solvable Groups Having v = 0 for all Sylow Subgroups 
This section aims at describing the invariant ideal yR(G) when the group G 
is a solvable group all of whose Sylow subgroups have their numericalinvariant 
vanishing. Thus, the odd-order Sylow subgroups of G must all be cyclic and 
a Sylow 2-subgroup must be either cyclic or generalized quaternion. It is 
well-known that if p is the least prime dividing j G /, and a Sylow p-subgroup 
of G is cyclic, then G has a normalp-complement. Using this, one can deduce: 
if every Sylow subgroup of G is cyclic, and q is the largest prime dividing j G 1, 
then G has a normal Sylow q-subgroup (so that, in particular, G is solvable). 
More generally, we have the following: 
LEMMA 1 .F. 1. Let G be solvable and v(S) = 0 for every Sylow subgroup S 
of G, and if q > 3 is the largest prime divisor of / G 1, then G has a normal 
Sylow q-subgroup. 
Proof. We may suppose the Sylow 2-subgroup is generalized quaternion. 
A Sylow 2-subgroup Q of G lies in a Hall 2’-subgroup H of G. Hence, 
Q Q H, and [G: No(Q)] is a 2-power. Also, Q lies in a Hall (2, q}-subgroup 
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K of G. So, ,O 4 K by Frobenius normal p-complement. This means A’,( 
contams a Sylow I&subgroup of G; i.e., 8 <i G. 
THEoREM 1 .F.2. Let C be solvable and v(S) = 0 j’o~ every Sylow subgroup 
S of 6. Then we have the following: (I) yR(G) = v(G)&?. (2) V(G) = 
~.c.~.(~v(~) / T a tight subgroup of G)). (3) v(G) is either 0 OT 1 orpfor some odd 
primep dividing 1 G j. (4) v(G) = 0 =c+ G has no tight s~bgy~~ps. 
Some immediate and useful consequences are: 
COROLLARY P.F.3. Suppose G, and 6, are both solvabb groups, and 
iI 6 L I G, I) = 1, then v(G x G) = (v(G), v(Gd). 
CQROLLARY 1.F.4. Let G be a group whose Sylow 2-subgroups are cyclic 
(possibly trivial). Then, (i) v(G) = 0, 1, OY an odd prime dividing 1 G /; (ii) 
v(G) = 0 o G has exactly one subgroup of prime ord~for each p-dime dividilzg 
/ G /m 
COROLLARY l.F.5. Suppose G is a group whose order is not divibile by 3, 
then we haae: (Q v(G) is 0, 1, OY some prime diwidimg j G /; (ii) v(G) = 0 o 
has exactly one subgroup of prime order for each prime dividing 1 G j ; (iii) 
v(G) = 2, then G has an elementary abelian subgroup of order 4. 
Prooof OJ Theorem l.F.2. We break it into two cases: (i) when the Sylow 
2-subgroup is cyclic, and (ii) when it is generalized quaternion. 
Case (i). We assert in this situation, the following 3 conditions are 
equivalent: (a) G has exactly one subgroup of prime order for each prime 
dividing j G 1; (b) V(G) = 0; (c) G h as no tight subgroups. Indeed, (a) * (b) 
by Theorem I.A.4. (b) * (c) is trivial. For (c) * (a), we may assume / G j is 
divisible by at least two primes. Let 4 be the largest prime divisor. Write 
G = HQ, Q a Sylow q-subgroup (hence, Q CI G by 1.F.l). Since then 
cG@) a G, cG(Q) must contain every prime-order su 
either c,(Q) = 6, or else we are done by induction. 
then = H x ,Q and we are again done by in u&ion. This proves the 
assertion, and therefore also the subcase when G has no tight subgroups. 
If G has tight subgroups with differing numerical invariant, then everything 
is clear. So, let us suppose G has at least one tight subgroup and any two “have 
the same numerical invariant. Let 4 be the largest prime divisor 
Q a Syiow q-subgroup. Then, Q CI G, and G = HQ where q -i’ ! 
no tight subgroups, then H has a cyclic normal subgroup A such that A 
contains every prime-order subgroup of ET. Bllt then AQ contains every 
prime-order subgroup of G (and SQ also every tight subgroup of G). The 
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result follows by Proposition l.E.3 and Theorem l.D.2. So, assume H has a 
tight subgroup. Then, the centralizer Cc(Q) must contain every prime-order 
subgroup of G. But, C,(Q) = Q x C,(Q). Hence, Theorem l.D.3 says 
yR(G) = r,(C,(Q)) = yR(H) = v(H)R. Therefore, 
v(G) = v(H) = g.c.d.({v(T) j T is a tight subgroup of G}), 
and Case (i) is done. 
We remark here that the theorem is trivial if G has two tight subgroups 
with differing numerical invariant. Also, the theorem follows from the 
structural theorem of groups having no tight subgroups (see Appendix), if 
that is the case with G. 
Case (ii). We suppose G is a minimal counter-example to the theorem. 
Subcase (1). G is not a (2, 3}-group. Let q be the largest prime dividing 1 G 1, 
Q a Sylow q-subgroup. Then, Q is cyclic normal in G, and let Q0 be the order-q 
subgroup of G. We have C,(Q,,) = Q x L, q+ 1 L 1, so that r,(Cc(QJ) = 
n(L)- If G(Qd contains every prime-order subgroup of G, we get the result 
by induction. So, assume not. As Q,, u G, G has a tight subgroup T with 
v(T) = q. We then have by Theorem l.D.4, yR(G) = R n (I’,(H) + q . RH), 
where HQ = G and q y I H j. We may clearly suppose H has no tight sub- 
groups at all. In such case, there exists an element 01 E ZG with coeff,(l) = 1 
and J’z(G)ol = 0. Let x E Z n (r,(H) + q . ZH). Write x = c + qb, c E I’,(H) 
and b E ZH. Then, x01 = COI + qbol = qbol E q * ZH, and x = coet&Jl). Thus, 
V(G) = q = g.c.d.((v(W) / W a tight subgroup of G}). The result follows. So, 
we must be in Subcase (2). G is a {2,3}-group. Suppose G/G’ (G’ denotes 
commutator subgroup) is a 2-group. Then either G’ contains every prime- 
order subgroup of G or G’ is a Sylow 3-subgroup of G. We may suppose the 
latter, of course. But then, Proposition I.E.7 gives the result. So, G/G’ is not 
a 2-group. Take a subgroup M of G such that G’ C M and [G: M] = 3. 
We then have M 4 G. Either M contains every prime-order subgroup of G 
(in which case we are done) or M is a Sylow 2-subgroup. In the latter situation, 
M is generalized quaternion. If 3 I / C,(M)/, then G = M x P with I P / = 3 
and we are done. Otherwise, 3 divides [N,JM): C,(M)], forcing j M j = 8, 
I G I = 24, and G g SL(2, 3) which case we already know G satisfies the 
theorem. Contradiction. 
Remark l.F.6. The obvious question now is what if G is not solvable ? 
Then Suzuki’s theorem (see Appendix) applies. G has a subgroup G, such 
that [G: GO] < 2, and G, = H x SL(2,p) for some prime p > 5, and 
moreover, (1 H 1, I SL(2, $)I) = 1, and every Sylow subgroup of H is cyclic. 
We have v(G) = v(G,). If p is not a Fermat prime (recall a Fermat prime is 
one of the form 22” + l), then v(G,J = g.c.d.(v(H),p) and we know what 
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v(N) is. In this case, we again obtain: v(G) = g.c. -(‘v(T) j $ a tight subgroup 
of G>)- Suppose thenp is a Fermat prime. If v(H) = 0, then v(G) = Y s P>h 
whatever that is-see also next section. If v(M) = 1, then obviously = 1” 
Suppose v(N) = 4 for some prime 4. By a result of Scharlau (see [7]), 4 j / H j 
so that 4 ‘! / s45(2, p)I and so 4 does not divide v($E(2, p)). (We do know that 
v(SL(2, p)) E 0 modp, however.) Therefore, we are left to ask the following 
question: 
QUESTION. 1s there an 01 gZ(SL(2,5)) such that coe$(l> = 1, kind 
T,(SL(2, 5))a = 0 ? 
A computer might be used to help resolve this issue. A ‘“good” answer to this 
question would complete our investigation for the class of groups all of whose 
Sylow subgroups have their numerical invariant vanishing; in particular, 
v(G, x 6,) would be just the greatest common divisor of the v(GJ, a’ = 1, 2 
provided (1 6, 1, j 6, 1) = 1, extending our Corollary 1.X.3. 
6, General and Special Linear Groups. 
Let p be a prime, n 3 F = GF(p”), G = SL(2, F), and G = GL(2,F). 
herefore, we have: G 4 G, 1 G 1 = GF( pn + 1) p”(p” - 1)2, and j G 1 = 
( pn + 1) p*(p” - 1). Also, the centers are: z(G) = ((z 8) 1 a E F*>> and 
z(G) = G CT x(e) = ((i “,), (-i -3). Let P = ((i y) / y EF). Since 
we see there is an isomorphism between P and 8”. In particular, / P j = pm, 
so that P is a Sylow p-subgroup of both G and G. Also, P is elementary 
abelianl 
1.6.1. By direct computations, one can obtain: N,(P) = AP, where 
A = ((z i-1) j a EF*}, and Co(P) = x(G)P. Notice A is ~at~~al~y isomorp 
to F*, so that A is cyclic. 
Also, it is not difficult to see that G has a cyclic subgroup of order p” + 1, 
and when p is an odd prime G has a unique involution 
PROPOSITION l.G.2. Let p be an odd prime. (I) G has no tight s~bgyo~ps 
o z = 3. and p is a Fermat prime (i.e., p is of the form 22” + I). (2) If n > P 
or p is not a Fermat prime, then G has a tight subgroup T with v(T) = p. 
PYOO~. (1). Suppose G has no tight subgroups, and n > 1, then v(P) = p. 
So assume 12 = 1 and p not a Fermat prime. Choose b EF* such that b has 
odd prime order 4. Then, 4 <p, and ((i z-l), (A t)) is a ~o~abelia~ tight 
group of order qp. Contradiction again. Conversely, if n = 1 andp is a Fermat 
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prime, then using 1.G.l above, it is easy to see that every, odd order Sylow 
subgroup of G is cyclic. Also, G has a unique involution. So, G has no 
abelian tight subgroups, and also G has no dihedral tight subgroups. Suppose 
H is a tight subgroup of G. Then, j H j = p, pa , p, and pa are primes 
withp, < pa . As His not dihedral, p, > 2. Also, p is the largest prime divisor 
of / G j and N,(P) has no tight subgroups. Hence, p > p, . So, p,p, j p + 1. 
Let H, be the Sylow p,-subgroup of H. We have H, C K, where K is a cyclic 
group of order p + 1. Then, (H, K) _C N,(H,). In particular, p, [ 1 C,(H,)l, 
and yet C,(H,) does not contain all order-p, subgroups of NG(HJ. This 
leads to a contradiction. (2) follows immediately from (1). 
Remark l.G.3. Suppose p = 2, then y(SL(2,2)) = 3 as SL(2,2) is just 
Sa . When n > 1, then SL(2,29 contains both a copy of SL(2,2) and an 
elementary abelian Sylow 2-subgroup of order 2”. Therefore, v(SL(2,29) = 1 
whenever n > 1. 
PROPOSITION l.G.4. For any odd prime p, and any n > 1, v(SL(2, p”) zz 0 
(mod P). 
Proof. Let $: ZG -+ A&(F) be the “evaluation” map (i.e., the obvious 
faithful degree-2 representation over F = GF(p”)). We claim that F,(G) is 
contained in Ker(+). Th’ IS would then give v(G)Z C Z n Ker($) = pZ. Now 
then, let H be a subgroup of G with prime order 4, and H = (12). 4(+(H)) = 
f($(h)), where f(X) = Cfli Xi EF[X]. Let g be the minimal polynomial 
for +(h) over F. Then, g(X) divides the characteristic polynomial for 4(h), 
which is 
X2 - Tr(#.))X + Det(+(h)) = X2 - Tr(+(h))X + 1. 
Also, g(X) divides XQ - 1 = (X - l)f(X), and g(X) # X - 1. Therefore, 
g(X) 1 f(X) or g(X) = (X - 1)2. Suppose the latter, then 4(h) is similar to a 
matrix (t 4) for some nonzero c in F. But, this then gives: 4 = p and 
fw4)  ((:, 1”)) = z (:, $ = z(6 ‘4) 
= 
( 
P CP(P - 1)/Z 
0 P ) 
= () , 
so that f(+(h)) = 0 and g(X) /f(X). Hence, f($(h)) = 0 and uz(H) belongs 
to Ker(#). We are finished. 
COROLLARY l.G.5. Szcppose p is an odd prime. If either n > 1 OY p is not 
a Fermat prime, then v(SL(2,pn)) = p. 
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COROLLARY l.G.6. Suppose p is an odd prime, and R a @Ed with charac- 
teristic p. Thm, y,(SL(2, p”)) = 0, for all n 3 1. 
FYOOf. eplace Z with R and replace F with an algebraic closure of 
in the above argument. 
PROPOSITION l.G.7. 
v(GL(2, P”)) = f ; 
if p = 2 aad n = i 
otherwise. 
Pmof. If n = 1, then GL(2, p”) = S&(&p”) = S,, when p = 2. If p = 2 
and n > 1, then v(SL(2, p”)) = 1 by Remark 1.G.3, so that GL(2, p”) 
would have the same numerical invariant. When p is odd, the subgroup- 
((-i -4, (t -3) is elementary abelian of order 4, and ((“, -3, (i :)> is non 
abelian tight of order 2p. 
COROLLARY l.G.8. If nz > 2, then v(SL(m,p)) = I. 
Prooj For p = 2, SL(m, pn) contains a copy of SL(3, 2), which is a 
nonabelian simple group. For p odd, the map GL(m - 1, p*) --z SL(m, 9”) 
given by 
A 0 
A k+ 0 ( Det(A)-1 ) 
is a monomorphism, and v(GL(m - 1, P”)) = 1. 
PROPOSITION l.G.9. y,(SL(2,3)) = 0. For a~~yrnatp~irnep~ v(SL(2, p)) = 
0 if and only ifp = 3, 5. Thus, when p > 5, F~opos~t~o~ 1.6.4 gives 
+q2, P)) = Pi 
for some t # 0. 
Prooj. See Appendix. 
2. SOME APPLICATIONS OF THE MJMERXAL INVARIANT 
In this short Section we sketch some applications of the numerical invariant 
V(G) to the study of the behaviour of certain arithmetical invariants of 
quadratic forms and algebraic number theory under a finite Gal& extension 
with Galois group G. The arithmetic entities considered here are: height, 
number of square classes, generalized Kaplansky’s u-invariant, size of the 
Witt ring, and class number of a number field. A connection of v(G) with 
group representations is also cited. 
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A. Applications to Quadratic Forms 
Let S/R be a finite Galois ring extension with Galois group G. There is the 
obvious homomorphism f: eL W,(L) -+ W,(S) of torsion subgroups of the 
Witt groups-here the direct sum is taken over all fixed subrings L = SH, 
H a subgroup of G of prime order. As in [3], the cokernel off is annihilated 
by the numerical invariant v(G). Therefore, we have: Let ho be the least common 
multiple of the heights h(L)‘s. If 1 = (ho, v(G)), then f is surjective. In particular, 
h(S) < ho. Moreover, if R is semilocal, then f is surjective whenever v(G) is odd. 
Recall that the generalized Kaplansky’s u-invariant is the largest anisotropic 
dimension of torsional spaces. (For general rings one may restrict nonsingular 
spaces defined over projective modules of constant rank.) Whenever the map 
f above is surjective, we have: u(S) < n(G) . MaxL u(L), where n(G) is the 
number of subgroups of G of prime order. Clearly, 
n(G) -c & (’ p” ‘) < aG’. 
There are known results on n(G), see [lo]. 
Pfister had communicated (unpublished) to us the following beautiful 
result of his [5]: 
THEOREM (Pfister). -rf S/R is a jield extension of degree n, then h(S) < 
2nh(R)i. 
This, of course, greatly improves the original estimates given in [3]. We 
illustrate below how the knowledge of the numerical invariant, when com- 
bined with Pfister’s theorem, can further sharply improve the estimate for the 
height behavior. Two typical cases are: (1) Suppose G is a finite solvable 
group, and H is a minimal normal subgroup of G. It is well-known that His 
elementary abelian. Let L = SH be the fixed subfield. If 1 H j = pt is odd, 
then h(S) ,< 2p . h(L). Otherwise, h(S) < 2pt . h(L). Continuing, we obtain a 
normal series G D H1 D ... D H, D 1 where Hi is a minimal normal 
subgroup of G containing H,+1 . Thus, the factor groups Hj/Hj+l are all 
elementary abelian of order pp. (The primes pj’s are not necessarily distinct.) 
Thus, h(S) < 2*f1(nDj odd pJ(&,=sp~~) * h(R). At worst, for all oddpi’s the 
factor groups Hj/Hj+l are all cychc (e.g., when G is abelian) in which case 
we recover Pfister’s estimate. Now, we treat the abelian case. (2) Here the 
numerical invariant vanishes if and only if G is cyclic. Let S, be a Sylow 
p-subgroup of G which is not cyclic, T, its maximal elementary abelian 
subgroup. For p odd, h(S) < 2p * h(A,), where A, is the fixed field of T, . 
1 Actually, a stronger result was proved by Pfister. Namely, if m(X) denotes the 
Peduced-height of X (i.e., m(X) is the minimal positive integer such that every sum of 
squares in X is already a sum of m(X) squares), Pfister proved: m(S) < n - m(R). 
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Now, consider SD/T, and continue this descent until we get a cyclic group 
at which stage one applies the Pfister estimate. Similarly for the other odd 
primes dividing 1 G I. Thus, the estimate here can be efficiently achieved from 
the elementary divisors of the Sylow subgroups of G. 
Still let SIR be a Galois field extension with group G. If R* 
and its cardinality qR , is qs also finite? When G is a 2-group, t 
yes (see [Z], [4]). In general, if the extension is not Galois-even if still a 
2-power degree-lam showed [4] the answer is no. For 
theorem of Springer says qs >, qR . Suppose now G is 
v(G) # 0. So, v(G) is either 1 or an (odd) prime dividing 
a subgroup of G of prime order, we have: o(N) . c = 
where L is the fixed field of H. So, the map f: 
surjective. Thus, qs < nL qL , and the finiteness 
qL’s (L ranging over all subfield of prime index in 5’). [This much carries over 
for rings as weil.] Now, the Witt ring of a field F is finite if and only if F is 
formally nonreal with qF finite. In that case, we have: u(F) gF < 1 IV(F)1 < 2qp 
ence, a discussion for the estimate of the size of IV(S) can be made. 
is an extension corresponding to the rings of integers in a finite 
extension of number fields E/F, then S/R is Galois if and only if E/F is 
unramified. A similar argument shows that every S-space (i.e., unimodular 
S-lattice) is similar to an orthogonal sum of L-spaces (L = SH where H is a 
subgroup of prime order). This fact may be useful in the genus theory of 
integral quadratic forms. 
~ Application to Class Number Relations 
Similar to the treatment in Section 2.A for the behavior of square classes, 
we can apply to the ideal class group of a global field. Ideal class groups 
for more general rings may be analogously studied.] Let E/p be a finite 
is extension of global fields with Galois group G. As before, we have 
x C(K) + C(E) be the class groups. G acts on C(E) in the usual 
fashion. For any fractional ideal A in E, and N a s up in G of prime order, 
the ideal ciass in E represented by CT(N) . A = H h(A) is just the image 
under f of the ideal class inL represented by No ), whereh, is the fixed 
field of I-I. So, again v(G) annihilates Coker( f) e full force of Section 1 
can be brought to bear to relate the class number c(E) of E in terms of the 
class nmmbers c(K). In particular, when v(G) = is surjective and c(E) 
divides the least common multiple of the c(K)‘s. en concentrating on a 
given p-part of c(E), one observes that if v(G) is relatively prime top then the 
Sylow p-subgroups of C’(E) lie in the image off. 
Instead of studying the ideal class groups, one can s>urely deal with other 
arithmetical entities as well; e.g., groups of units, rings of integers, and so 
forth. 
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C. Connection with Group Representations 
A representation p of a group G is fixed-point-free if the linear transfor- 
mation p(g) does not have 1 for its eigen-value for all g # 1. Scharlau [7J 
showed the link between fixed-point-free representation with the vanishing 
of the numerical invariant. This means, in particurar, for solvable groups G, 
G has a fixed-point-free representation if and only if G does not possess any 
tight subgroups, by Theorem l.F.2(4)+ [For nonsolvable groups, the non- 
existence of tight subgroups (e.g., SL(2, 17) see Proposition l.G.2) does not 
assure the vanishing of V(G).] Thus, the question arises as to how do we 
characterize finite solvable groups having no tight subgroups? We state the 
result here and refer the reader to the Appendix for greater details. 
PROPOSITION, Let G be a$nite solvable group. Then G has no t&ht subgroups 
if and only if G satisfies one of the following: (i) G has exactly one subgroup of 
prime order for each prime dividing 1 G j, (ii) G has a generalized puaternion 
Sylow 2-subgroup and also G has a subgroup Go such that [G: GO] < 2 and 
GO = H x SL(2,3), where (I H I, 6) = 1 and H has exactly one subgroup of 
prime order for each p&me dividing 1 H 1. 
APPENDIX 
A. We wish to show here that yX(SL(2, 3)) = 0. It is not difficult to see that 
a group G of order 24 is isomorphic to 5X(2,3) if and only if one of the fol- 
lowing equivalent statements holds: (i) G has no subgroup of order 12: (ii) 
G has a quaternion Sylow 2-subgroup and has no normal Sylow 3-subgroup; 
(iii) G has a unique involution and has no normal Sylow 3-subgroup. It 
follows that G has no tight subgroups and G is generated by its Sylow 3- 
subgroups. In terms of generators and relations we have: let G = SL(2,3) 
with Sylow 2-subgroup Q, then there exist elements a, b, c, d in G such that 
Q = <a, b), D = (d) E Syl,(G), A ={ 1, a21 = center of G, and ad = d-lad = 
6, bd = c = ab. Denote by ccE(g) the conjugacy class of g, we have: 
x, = a + b + c + a-l + d-1 + c-1 = C ccl(a) 
x6 = a2d2 -/- ad2 + bd2 + cd2 = c ccl(a2d-I), 
X5 = aM + a-Id + b-Id + c-Id = C ccl(a2d), 
x4 = d-l + a-id-l + b-id-l + c-id-l = c cc&d-l), 
X8 =d+ad+bd+cd = c ccE(d), 
x2 = a2 = C ccE(a2), 
x, = 1 = 1 ccl(l). 
Then, (x1 ,..., x,) is a Q-basis for the center x(QG) of the rational group 
algebra QG, and also x;(ZG) = C Zxi . It is easy to see that the numerical 
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invariant v(G) = 0 if and only if y&G) = 0. From the proof of Satz 1 in [7]> 
one sees that for any field F of characteristic zero, the following three state- 
ments are equivalent: (i) yF(G) = 0; (ii) there exists an a! E x(FG) swh that 
I’,(G) . CI = 0; (iii) G has a fixed-point-free representation over F, This 
element we shall find below, so that we can deduce u(G) = 0. Moreover, if 
we can find a central annihilator 01 E (ZG) with c1 . r,(G) = 0 and also 
coeff,(g,) = 1 for some g, E 6, then we would surely have y,(G) = 0 for ail R. 
In order to annihilate I’,(G), it is sufficient to have an. element in the center 
G that annihilates both o(A) and a(D). Taking 
CL = (1 - 4(--2x, + XQ + XJ, 
one sees that 01 lies in z(zG), and o(A) - a! = 0 = cr( ) * 02. Also, coe@,(d-l) = 
1. We are done. 
B. n Groups Having lao Tight Subgroups 
Recall a. finite group G satisfies condition (c) if G has exactly one prime- 
order subgroup for each prime dividing i G 1. This means, therefore, all the 
odd-order SyYow subgroups of G are cyclic and the Sylow Z-subgroups (if 
there are any) are either cyclic or generalized quaternion. A tight group of 
order ~CJ (p < 4) is given by generators and relations as follows: 
(a, b 1 up = b” = 4, a-lba = b”) 
and we know that YD = I (mod q), and p j p - 1. If we “loosen-up” this 
group by considering the group G = (a, b / ap4 = bq = I, a-lba = by), then 
we see CP commutes with b and so lies in the center of G. This group G 
satisfies condition (*) and is not nilpotent, The following result character&es 
all finite groups having no tight subgroups: 
THEOREM. A jkite group G does not have any tigiht s~~g~o~~s ?Yj and onb 
if G satisjks one of the following two conditions: (i) G satisjies condition (*f; 
(ii) cz Sylow 2-subgroup of G is generalized quaternion and G has a subgroup G, 
such that [G: GO] < 2 and GO = H x SL(2, p) wkrere H satisfies condition (*)? 
p is a~ey~~t~~~~e (i.e., of the typep = 22” + I), and (1 H /, / SL(Z,p)j) = 1. 
Proof* Suppose G is not solvable. Suppose also G has no tight subgroups, 
[Since groups satisfying condition (*j’ are solvable, G must necessarily be 
in the case (ii).] A deep theorem of Suzuki’s (see [S]) then says G has a geaeral- 
ized quaternion Sylow %subgroup, and has a subgroup G, of index 
[G: G,] < 2 where G,, = H x SL(2, p) with p an odd prime and N has all its 
Sylow subgroups cyclic, and finally (I N 1, j SL(2, p)!) 
of N is odd (and so solvable) and has no tight subgroups, satisfies condition 
(x)-see the solvable part of the proof below. Also, SL(2,p) has no tight 
subgroups either, p must be a Fermat prime by Proposition %.6.2(l). 
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Conversely, suppose G is in the case (i), then surely G has no tight sub- 
groups (see Theorem l.A.4). And when G is in the case (ii), G, contains 
every prime-order subgroup of G and hence also contains every tight subgroup 
of G. But, Ga has no tight subgroups. 
It remains to show the only-if part when G is solvable. Suzuki remarked 
in [8] that his classification theorem in the solvable situation had been done 
by Zassenhaus in [l 11. The version given by Zassenhaus we found incon- 
venient for our purposes, as we prefer to deal with condition (*) in which 
case the vanishing of the invariant ideal is given by our Theorem l.A.4 at 
the very outset. Thus, we choose to characterize these groups in the form 
given above, and this is our justification to include its proof in the Appendix 
here. 
So now G is finite solvable and does not satisfy condition (*). Since G has 
no tight subgroups, G has cyclic odd-order Sylow subgroups and has at most 
one involution. Choose Q E Syl,(G) and so Q must be generalized quaternion. 
[If Q were cyclic, then G having no tight subgroups is equivalent to having 
G satisfy condition (*).I Suppose 3 +’ / G j. By Frobenius’ normal p-comple- 
ment, G = QN, where N a G. Let y be the involution of Q. Then, (y)N 
contains every prime-order subgroup of G. But then ( y)N satisfies condition 
(*) so that G satisfies condition (c). A contradiction. Thus, j G / is divisible 
by 3. Let Ha be a Hall (2,3}‘-subgroup of G. Since Ha lies inside a Hall 
3’-subgroup of G, El,, is normalized by a Sylow 2-subgroup of G. Thus, 
[G: N,(H,,)] is a 3-power. But, H, lies inside a Hall 2’-subgroup of G as 
well, and H, is normal in any such Hall subgroup, by Burnside’s normal 
p-complement theorem. Hence, NG(NO) contains a Sylow 3-subgroup of G. 
So, H,, 4 G and H, is the unique Hall (2, 3}‘-subgroup of G. As Ha has no 
tight subgroups of G, H,, satisfies condition (*). Thus, if p is a prime divisor 
of 1 G 1 and p > 3, then G has exactly one subgroup of order p. Also, G has 
exactly one subgroup of order 2. This implies, since G does not satisfy 
condition (*), G must have more than one element of order 3. 
Suppose PO is an order-3 subgroup of G. Then there is a Hall 2’-subgroup 
K of G such that P,, is contained in K. We have K = PH,, , with P E Syl,(G). 
But, K had odd order and also no tight subgroups, so that K satisfies condition 
(*). So, P,, is the only order-3 subgroup of K. On the other hand, [K: C,(P,)] 
divides 1 Aut(P,)I = 2. This means PO is contained in the center of K and 
H,, contained in C,(P,,). Therefore, Ha is the largest normal (2, 3}‘-subgroup 
in G and centralizes every order-3 element of G. 
Let S be a Hall (2,3}-subgroup of G. If S = G, then we shall be done by 
the Proposition given below in this section. So, suppose S is a proper sub- 
group. By induction, S satisfies condition (*) or I S j E {24, 48) with 
SL(2, 3) C S. Suppose S satisfies condition (*). Then, S has exactly one 
subgroup of order 3. We have G = SE& , and S has a unique subgroup S, 
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of order 6. Thus, S,,H, is a subgroup of G containing every prime-order 
subgroup of G. But, S,H, = SO x H,, and S, is cyclic. So, S, (hence, also 
6) satisfies condition (*). Again, a contradiction, When S does not satisfy 
condition (s), there is a subgroup S, of S with [S: SO] < 2 and S,, E SI42, 3). 
We have then [G: SOHO] < 2. Since SO is generated by its order-3 elements 
and since NO centralizes every order-3 elements of G, we have SONO = 
S, x NO. The proof is completed. 
We now prove the Proposition that was used in the above proof. 
PROPOSITION. Let G be a (2, 3}-group and a Sylow 2-subgrou$ of G is 
genera&zed quaternion. If G has no tight subgroup, then either G satisjies 
condition (c) OY G has a subgroup GO such that [G: G,] < 2 and G, E SL(2, 3). 
PYOO$ Since G has no tight subgroups, G has exactly one involution. 
Choose T E Syl,(G) and P E Syl,(G). We know that P is cyclic. In particular, 
the order-3 subgroups of G are all conjugates in G. Assume G does not satify 
condition (*). Then G has no nontrivial normal 3-subgroup. 
Case 1. T Q G. C,(T) T = T x PO where PO is some cyclic 3-s&- 
group of G. But, I’,, being also a normal 3-subgroup in G, is trivial. Thus, 
C,(T) = a(T). But, 9 Y [G: C,(T)] and 3 j [G: z(T)]. Hence, j G / = 24 an 
G E 2X(2,3)-see Section 3.A. 
Case 2. T +I G and 3 1 [G: G’] (6’ is the commutator of 
a subgroup of G with G’ C M and [G’: M] = 3. We have M 
oes not divide / G 1 or M contains every prime-order subgroup of G. 
uppose the former. Then G’ is a 2-group and G’ C T, forcing T C+I G. A 
contradiction. So, 9 j 1 G / and M contains every prime-order subgroup of 
If M satisfies condition (*), then so does G, contrary to assump 
has no tight subgroups. Hence, by induction M has a subgroup 
[Mz H] < 2 and N s ,X(2,3). Let TO = N n T. Then TO E Syl,(EI). TO is 
a largest normal 2-subgroup in H, so T,, 4 M. But, [T: TO] < 2 so that either 
Ts is the largest normal 2-subgroup in M or else T itself is the largest normal 
2-subgroup of M. By case 1 (applied to AI) the second possibility cannot 
occur. Therefore, TO 4 G. We also have j P / = 9. Since TO is generalized 
quaternion, TO is centralized by every order-3 subgroup of G. Contradiction! 
case 3. T +I G and G/G’ is a 2-group. Choose a subgroup M of G 
with 6’ C M and [G: M] = 2. Then, M Q G and M contains every prime- 
order subgroup of G. Also, M has no tight subgroups and M does not satisfy 
condition (c). [Note that if M satisfies condition (*), then G does too.] Thus, 
M has a subgroup If such that [M: H] < 2 and HE SIQ, 3). If M = M 
we are finished. So, let [M: H] = 2. Take TO E Syl,(H). Then TO <j AI. By 
case 1, M cannot have a normal Sylow 2-subgroup so that TO 4 6. lin partic- 
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ular, 9 f 1 G 1 [since otherwise every order-3 element of G lies in Co( T,,)]. Let 
n,(G) = I S~ls(G)l- Th en, we have na(G) = n&M) = n,(H) = 4. Let K = 
Core,(N,(P)) where P E SyI,(H). Then G/K is isomorphic to a subgroup of 
S, and 1 G j = 4 . 1 H 1 = 4 .24. Also, 3 { 1 K j, so K is a a-group. We have 
) K j > 4 and j K n T, j = 2. Consider T,,K. We have T,,K 4 G and 
I T,,K j 3 4 . / K 1 > 16. But, T,,K is generalized quaternion. Contradiction 
again. Proof is finished. 
C. Suppose G is of the case (ii) in the above theorem. Then, v(G) = v(G,,) = 
v(A x SL(2, p)) = v(SL(2, p)), where A is the subgroup of H generated by its 
prime-order subgroups. It is also interesting to observe that in the nonsolvable 
cases, the lowest Fermat prime (p = 5) is the only one that gives a vanishing 
numerical invariant. This is because from the character table for 5X(2, p) one 
can see that SL(2, 5) has a fixed-point-free representation while the higher 
Fermat primes don’t. On the other hand. Proposition l.G.4 says for any 
odd prime v(SL(2, p) = 0 (mod p). Th us, we have: Let p be a Fermat prime. 
v(SL(2, p) = 0 if and only if p = 3, 5. Moreover, when p > 5, p divides 
49LG P>>* 
ACKNOWLEDGMENT 
We would like to express our hearty thanks to S. K. Wong for several useful and 
stimulating conversations as well as for the use of some of his private (Japanese) 
character tables. 
Note added in proof. The question raised on page 589 has been answered affirma- 
tively with the aid of a computer. In particular, therefore, v(Gi x G,) = g.c.d. (Y(GJ, 
v(G,)) for any two finite groups G, and Gz having relatively prime orders. This extends 
Corollary l.F.3. For details, see the forthcoming paper, “An invariant ideal of a group 
ring of a finite group. II,” to appear in Proc. Amer. Math. Sot. 
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